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A generic flow distribution network typically does not deliver its load at a uniform rate across a
service area, instead oversupplying regions near the nutrient source while leaving downstream regions
undersupplied. In this work we demonstrate how a local adaptive rule coupling tissue growth with
nutrient density results in a flow network that self-organizes to deliver nutrients uniformly. This
geometric adaptive rule can be generalized and imported to mechanics-based adaptive models to
address the effects spatial gradients in nutrients or growth factors in tissues.
Multicellular and macroscopic living organisms are
continually faced with the challenge of how to uniformly
distribute nutrients throughout their entire volume to
maintain metabolic function while minimizing waste of
resources. For this, they have evolved complex flow sys-
tems in the form of dense and space-filling networks of
small vessels, termed capillaries, which distribute fluid
laden with nutrients. In such perfusable systems, nu-
trients are carried with the flow through the capillar-
ies and gradually diffuse across semipermeable capillary
walls where they are depleted at a metabolic absorption
rate. In the absence of fluctuations in the flow and other
mitigating factors, most network architectures, heteroge-
neous or uniform, will not distribute nutrients equally:
in general, the tissue that is upstream will absorb more
nutrients than the tissue downstream (Fig. 1).
When biologically-inspired microfluidic networks have
been considered in the past, the emphasis has been on
shear stress, resistance, flow rate, and pressure distribu-
tions, e.g as in [1, 2], and the functionality of nutrient
delivery has been largely ignored. Recent work has in-
vestigated a network adaptation algorithm for uniform
edge flow, showing that it is possible to tune edge conduc-
tances while maintaining the network structure to obtain
equal flow over all edges [3]. In the context of microvas-
cular networks, the finite size of red blood cells may aid
uniform flow [4–6]. However, uniform flow does not guar-
antee uniform nutrient distribution: if nutrients are con-
tinually depleted by absorbing tissue, downstream tissue
would generally still have a deficient supply.
Recent work has considered the optimal architecture
for uniform nutrient perfusion in plant leaves [7]. There
the authors have considered networks of fixed edge and
node positions and used Monte Carlo methods to discover
the optimal edge conductance distribution that delivers
nutrients uniformly. The solution for a uniform planar
network with a line of sources on one side and a uniform
distribution of sinks in the bulk exhibits a strong spatial
gradient of edge conductance from the proximal to the
distal network sites, with an order of magnitude varia-
tion in vessel radii. While adding hierarchy in the vessel
radii can result in uniform perfusion, such stratification
is not always possible due to developmental or physical
constraints. Similarly, fabricating a network design with
a wide range of vessel sizes may be difficult depending
on the experimental setup. For instance, the method of
casting networks in sacrificial ink can yield a printed di-
ameter of up to only 2.5 times the nozzle diameter [2].
In this work, we present a model of perfusion that con-
siders not only the amount of nutrients leaving an edge,
but also the average supply of nutrients in the surround-
ing tissue fed by multiple edges. We demonstrate that an
arbitrary initial network can self-organize to achieve uni-
form nutrient perfusion using a simple geometrical and
biologically-plausible adaptation rule based on local in-
formation. Unlike previous models of adaptation in net-
works, we choose to constrain edge radii to be constant
throughout a network, but allow freedom in the edge
lengths and network connectivity. Similar vertex models
of local cell neighbor interactions are used to model the
behavior of tissue sheets and typically incorporate me-
chanical cues for tissue adaptation, such as wall tension
and cell elasticity [8]. These models are able to recover
the geometric structure of tissue sheets [9, 10] as well as
predict complex bulk properties such as collective motion
patterns of cells [11, 12]. In this work, we introduce a dy-
namical rule reminiscent of such vertex models to obtain
uniformly perfusing networks in an abstract setting of
areas of tissue separated by channels where the extracel-
lular fluid can flow. Starting with an arbitrary network,
the algorithm tunes vertex positions under forces that,
as we show, stem from differential growth of the tissue.
A segment of tissue receiving more nutrients grows at a
faster rate, thus effectively pushing the channels at its
boundary further apart, increasing the nutrient delivery
at underfed tissue. When the forces become locally bal-
anced the system reaches equilibrium, and the final net-
work state obeys uniform nutrient distribution.
The first step of perfusion modeling is determining the
rate at which nutrients leave the network through the
edges, or the edge absorption rate. The exact form of
the absorption rate depends on the physical details of the
system; previous work has used a rate proportional to the
initial edge concentration [13], and a more biologically-
motivated absorption rate is presented in [7]. In capillary
systems modeling oxygen transport to tissue, the most
basic Krogh model predicts a linear decay in oxygen con-
centration along a capillary [14], but realistic extensions
result in more complicated forms [15–19]. Here, for a
capillary of length Lij connecting nodes i and j, we use
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2an exponentially decaying absorption rate:
Cij(Lij) ≈ Cij(0)e−αLij/Qij (1)
where Cij(0) and Cij(Lij) are the nutrient concentration
at the capillary inlet and outlet, respectively, and Qij
is the capillary flow rate. In general, the parameter α
depends on the vessel radius, the nutrient diffusion rate
across the vessel membrane, and the tissue metabolism;
however, as an initial simplification it is set to be constant
at the value α = 0.1. We note that eq. 1 is consistent
with the edge absorption rate used in [7] in the high flow
velocity regime.
Given the nutrient decay rate through a capillary, the
edge nutrient absorption rate φij is calculated by
φij = Qij
(
Cij(0)− Cij(Lij)
)
. (2)
To compute this value for every edge of a flow network,
first Qij for each edge is computed using a combination
of current conservation at nodes and Ohm’s law over
edges. Current conservation implies that the flow rate
throughout a single capillary is constant. We consider
networks with a single current source and sink and set a
fixed initial nutrient concentration at the current source.
Edge resistance is determined by the HagenPoiseuille law
Rij = 8µLij/(pir
4), where µ is the fluid viscosity and
r the vessel radius. The parameters r and µ are held
constant in this work, although the model can easily be
adapted to consider varying r as well.
All capillaries leaving the node i will have the same
initial concentration, so we simplify the notation to
Ci(0) = Cij(0). The drop in nutrient concentration
across each edge is computed iteratively through the net-
work, starting from current source nodes {n}, which are
prescribed an initial Cn. In this work all networks are
set to have a single source node with an initial nutrient
concentration C0 = 100. At node i, conservation of nu-
trient mass per time is obeyed by enforcing the relation∑
k, Qki>0
Cki(Lki)Qki = Ci(0)
∑
j, Qij>0
Qij , where the no-
tation Qij > 0 indicates that the direction of flow is out
of node i and into node j. If node n is a current sink
node and has no outgoing edges, the node concentration
is Cn(0) =
1
qn
∑
k, Qkn>0
Ckn(Lkn)Qkn, where qn is the sink
current at node n.
Finally, the measure of network absorption uniformity
will be captured by the nutrient absorption density Φf of
each face f . It is defined as the total amount of nutrients
received from adjacent edges divided by two (since each
edge supplies two faces) scaled by the face area Af :
Φf =
1
2Af
∑
(ij)∈f
φij . (3)
Since this definition of Φf implies that nutrients leave
the system via boundary edges,
∑
f Φf is in general not
out
in
(a) (b)
(c)
FIG. 1. Networks with a uniform topology will have
a gradient in face nutrient absorption density as the
nutrient concentration decays. (a) Schematic of nutrient
perfusion in a distribution network, with Φf signifying the
nutrient absorption density per face as delivered by adjacent
edges. (b,c) Simulations of perfusion in networks with uni-
form topology. All networks have a single flow source and
sink, with Qin = Qout = 10, an initial nutrient concentration
C0 = 100, and are constrained to lie within the 1 × 1 unit
square. The network model of perfusion is applied to numer-
ically calculate Φf , indicated with color, for (b) a square grid
with 64 faces and (c) a Voronoi diagram with 50 faces.
preserved for two arbitrary networks with the same input
nutrient concentration. The nutrient absorption density
over all faces is computed for two networks with a single
current source and sink in Fig. 1(b) and (c), with color
indicating Φf . A gradient in Φf is clearly present, with
faces close to the source well-supplied while faces near the
sink are starved. Our goal is to alter the geometry of the
network in a way that eliminates the nutrient density
gradient, yielding a uniformly perfusing network which
will have all faces in the same color.
This is accomplished by employing a face equaliza-
tion algorithm which, similar to a vertex model, imposes
forces on the network vertices, allowing their positions to
shift. A vertex will experience a repulsive force from an
adjacent face with a high nutrient density and an attrac-
tive force from a low density face. Vertices lying on the
boundary can shift as well, but the motion is restricted
to either purely in the horizontal or vertical direction
so they remain on the boundary. The force on a vertex
becomes zero when all adjacent faces attain the same nu-
trient absorption density. In this way, the high nutrient
density faces grow in area and low density faces shrink
until perfusion is equalized across the network.
We now outline the equalization procedure in detail.
An important aspect of this algorithm is that the force
on a vertex is computed using only from faces contain-
ing the vertex. Given a network, let {Φf} be the set of
nutrient absorption densities over all faces f . For each
vertex i let 〈Φf 〉i ≡ 1Nf
∑
f,i∈f Φf , the mean nutrient ab-
sorption density of the Nf adjacent faces to i. The force
from face h on i is set to have magnitude Φh−〈Φf 〉i and
is directed away from the face centroid along the angle
3FIG. 2. The face equalization algorithm results in uni-
formly perfusing networks. Several sample Voronoi net-
works with 50 faces are shown, with the corresponding equal-
ized networks below. Equalized networks have a standard de-
viation in {Φf} equal to 0.01〈Φf 〉. The color bar and current
source and sink locations are the same as in Fig. 1.
bisector of the face, in a fashion consistent with osmotic
pressure forces in vertex models [20]. Thus, a face h with
Φh > 〈Φf 〉i exerts a force on vertex i pointing away from
the face centroid (pushing the vertex away) and a face h
with Φh < 〈Φf 〉i exerts a force towards the face centroid
(pulling the vertex closer). The vertex coordinates are
shifted by a fixed step size scaled by the net force from
all Nf adjacent faces. If all faces adjacent to a vertex
have equal nutrient density, Φh = 〈Φf 〉i for all h and the
net force on the vertex will be zero. After vertex coor-
dinates shift, the nutrient flow and absorption through
the network are recalculated, and the new set {Φf} is
recomputed. The process repeats over all vertices, stop-
ping when the standard deviation of {Φf} is less than one
percent of 〈Φf 〉, averaged over all faces. The fixed step
size (set to be 10−4) is chosen to ensure that no edges
overlap once all vertex coordinates are shifted. If this is
satisfied, we find the algorithm to be robust and capable
of achieving arbitrarily uniform networks.
Ideally, this adaptation process is purely geometric,
preserving the set of vertices and edges and changing only
the vertex positions. However, problems can arise when
network edges overlap. To avoid spurious edge crossings,
we allow two ways for the network topology to change.
First, if an edge becomes shorter than a threshold length
(set to 1/30 of the full network side length) then the edge
is removed and the two vertices connected by the edge
are merged. Second, if an angle formed by vertices abc
becomes smaller than a threshold angle (set to 5 degrees),
then the longer edge ab is removed and a new edge ac is
added, effectively collapsing the acute angle.
To analyze the effects of equalization, we use a set of
50 Voronoi networks with 50 faces, with initial vertex
positions chosen at random and adjusted using a spring
force-directed positioning method. These networks are
equalized to produce an ensemble of uniformly perfusing
networks, a sample of which is shown in Fig. 2 along-
side the initial networks. Figure 3(a)-(c) outlines the
general motion of network faces during the equalization
(c) (d)
(b)(a) (b)
FIG. 3. Face centroids shift towards the sink as the
face absorption density is equalized. Information from
50 networks is spatially binned, showing trends across the ini-
tial and equalized network ensembles. (a) The initial Voronoi
networks have the density Φf decaying away from the source,
but (b) a uniform distribution of face centroids. Arrows in-
dicate the average movement of the face centroids during the
equalization procedure, with arrow length proportional to the
mean displacement, showing a general motion of faces towards
the sink. (c) Equalized networks have a higher density of faces
by the sink. (d) Φf serves the role of pressure in the usual ver-
tex model, as shown by the trajectories of face areas over the
course of the equalization for a single network. Faces grow or
shrink faster in the early stages, but as networks are equalized
the change in area for all faces approaches zero.
algorithm, ultimately showing the trade-off between uni-
formly distributed face centroid positions and uniformly
distributed nutrients. These figures show the cumulative
value of either all networks face centroid positions or face
Φf values over all 50 networks, binned in a 10× 10 grid
indicating the space of the network. For the initial net-
works, nutrients are concentrated by the source Fig. 3(a),
showing once again a gradient in nutrient absorption den-
sity. In the initial networks the face centroid distribution
is approximately constant across space of the network,
shown in Fig. 3(b). The motion of the face centroids
during equalization is shown here as well, with arrows in-
dicating the mean direction of motion for a single spatial
bin. Thus, the equalized networks have a higher density
of face centroids by the nutrient sink, shown in Fig. 3(c),
but a uniform distribution of Φf density (not shown).
This indicates that equalization under the local adaptive
rule serves to exchange uniformity in face centroids for
uniformity in face nutrient absorption density by shifting
the network face centroids towards the sink.
Finally, Fig. 3(d) shows how the incremental force-
equalization algorithm functions similarly to a growth
induced pressure, as vertex forces arise from nutrient den-
sity differences in adjacent faces. We takeGf to represent
a quantity akin to the cumulative force a face is subjected
4to by difference between its own nutrient absorption den-
sity and that of its neighbors: Gf =
∑
g(Φf − Φg)L˜fg,
where L˜fg is the length of the edge separating faces f
and g. We find a nearly linear relation between Gf for a
face f and its change in area over time, dAf/dt. Grow-
ing faces start with dAf/dt > 0 and shrinking faces start
with dAf/dt < 0, and as the network is equalized dAf/dt
approaches 0 for all faces.
We now quantify morphological network features that
cause equalized networks to be uniformly perfusing,
namely the distribution of the face sizes and shapes in
the two sets of networks. We find that uniform networks
have larger faces near the source and smaller faces near
the sink. This is demonstrated in Fig. 4 (a)-(b), where
face area is plotted as a function of Euclidean distance
from the face centroid to the source at (0, 0). Color in-
dicates face shape, classifying polygonal faces by their
number of sides. In the initial networks, face size is dic-
tated by the number of edges in the face: the colors strat-
ify, showing that polygonal faces with a larger number of
sides tend to be larger than faces with fewer sides. How-
ever, the relation to distance is flat, thus face area is
not strongly correlated with face location in the initial
networks. This contrasts highly with the uniformly per-
fusing networks, where there is no clear correlation with
face area and number of sides, but there is a strong cor-
relation between area and location, with large faces near
the source and small faces near the sink. By the equal-
ization process, edges that provide more nutrients feed
larger faces, and the nutrient-rich edges are all near the
source, causing large faces in that region. Nutrients in
the network unavoidably decay from the source to the
sink, but an asymmetric distribution of face sizes allows
for uniformly perfusing networks.
Next we find a relation between the face location and
elongation using the face shape parameter. The shape
parameter, a measure of the compactness or elongation
of a polygon, has been used to classify planar tilings
and predict the jamming behavior of tissues [10, 11, 21].
It is defined as the dimensionless quantity p0 = P/
√
A
where P and A are the face perimeter and area. Regular
polygons have minimal shape parameter; for example, an
equilateral triangle has p0 = 2(
4
√
3)3 ≈ 4.56 and a square
has p0 = 4, whereas a non-regular triangle or quadrilat-
eral will have a strictly larger p0.
The change in the face shape parameter distribution
between the initial and equalized networks is shown in
Fig. 4(c)-(d). For the initial networks, p0 has no correla-
tion with the location in the network, but is dictated by
the number of sides in the face. Moreover, all faces are
nearly regular, since the shape parameter for each type
of polygonal face lies close to the minimal shape parame-
ter for that regular polygon. For the uniformly perfusing
networks, there is no longer a strong dependence between
the face p0 and the number of sides, but there is a corre-
lation between the shape parameter and location: faces
near the source tend to be more compact and faces by the
sink tend to be more elongated. This can be explained
faces colored by
number of  sides
FIG. 4. Equalized networks have smaller and elon-
gated faces near the sink. (a) Voronoi networks have face
area strongly correlated with the number of edges in the face.
(b) Equalized networks have face area dependent on location
in the network, with large faces close to the source and small
faces close to the sink. (c) Voronoi networks have face shape
parameter strongly correlated with the number of edges in
the face. Moreover, all faces are close to equilateral, with
the shape parameter value close to the shape parameter of
the respected equilateral shape, shown as the solid horizontal
solid line for each polygon. (d) On the other hand, equalized
networks have face shape parameter correlated strongly with
location in the network, with more equilateral faces close to
the source and elongated faces near the sink.
by noting that faces far from the source have less nutri-
ent absorption per edge, but are able to supply the same
nutrient absorption density by increasing the total edge
length that supplies the same face area.
To summarize, we have presented a self-organizing
method for generating uniformly perfusing networks from
arbitrary initial networks using a geometric local adap-
tation rule. The equalization algorithm successfully
achieves uniformity on all networks we have tried; the
networks presented have a standard deviation in Φf that
is 1% of the mean of Φf . During the equalization process,
this model is free to explore the space of configurations,
utilizing network geometry as a degree of freedom. We
find that for a single source and sink, uniformly perfus-
ing networks will form large, compact faces by the source
and small elongated faces by the sink.
The algorithm presented here is a proof of principle
that a network can harness local geometric responses to
stimuli to achieve a state of uniform perfusion. Network
models that use feedback from tissue oxygenation levels
to control the growth of new edges to result in uniform
perfusion have been shown to mimic features seen in nat-
ural vasculature networks [22]. While a global property,
5such as total energy dissipation, is difficult for the net-
work to monitor, biological networks often have the abil-
ity to measure select local edge properties. For instance,
capillary networks can sense flow velocities though the
wall shear stress and internal levels of nitric oxide, pro-
duced in response to low oxygen levels, and modulate ves-
sel diameters to ensure that adequate operational levels
are maintained [23–25]. Since our equalization algorithm
requires information only from the nearest neighboring
faces to compute the forces acting on a vertex, it is in
essence a local computation. We do not expect that nat-
ural networks use this exact adaptation mechanism, but
because this local algorithm consistently results in uni-
formity it is reasonable to believe that natural networks
might follow similar adaptation strategies to balance the
distribution of resources.
In light of recent advances in artificial microvascular
devices [26–29], it is necessary to develop a theory of
network design for uniform perfusion over an extended
space. The equalization algorithm is able to produce an
ensemble of uniform networks, but how do we choose a
single design for fabrication? This is where details of
the experiment can serve as constraints for the allowed
architectures. For instance, in blood flow applications,
vessel junctions forming right angles are prone to turbu-
lent flow and blood clotting [30], so such junctions should
be avoided. Thus, we may choose a network from the en-
semble with the fewest number of right angle junctions.
In addition, it would be interesting to set limits on the
maximal value for properties like face area, edge length,
or node degree so that the final network obeys specific
constraints. The robustness of the equalization algorithm
allows for such modifications in future work.
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